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Abstract The original rough set model is primarily
concerned with the approximations of sets described by a
single equivalence relation on the universe. Some further
investigations generalize the classical rough set model to
rough set model based on a tolerance relation. From the
granular computing point of view, the classical rough set
theory is based on a single granulation. For some compli-
cated issues, the classical rough set model was extended to
multi-granulation rough set model (MGRS). This paper
extends the single-granulation tolerance rough set model
(SGTRS) to two types of multi-granulation tolerance rough
set models (MGTRS). Some important properties of the
two types of MGTRS are investigated. From the properties,
it can be found that rough set model based on a single
tolerance relation is a special instance of MGTRS. More-
over, the relationship and difference among SGTRS, the
first type of MGTRS and the second type of MGTRS are
discussed. Furthermore, several important measures are
presented in two types of MGTRS, such as rough measure
and quality of approximation. Several examples are con-
sidered to illustrate the two types of multi-granulation
tolerance rough set models. The results from this research
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are both theoretically and practically meaningful for data
reduction.
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relation - Upper approximation - Lower approximation

1 Introduction

The classical rough set theory is based on the classification
mechanism, from which the classification can be viewed as
an equivalence relation. Knowledge granules induced by an
equivalence relation in the classical rough set theory form a
partition of the universe of discourse. In contrast, knowl-
edge granules induced by an ordinary binary relation in
generalized rough set theory form a covering of the uni-
verse of discourse. In rough set theory as well as general-
ized rough set theory, lower and upper approximations are
constructed and any subset of universe of discourse can be
expressed by them. Partition, covering, granulation and
approximation are the methods widely used in human
reasoning.

In practice, due to the existence of uncertainty and
complexity, some particular problems cannot be settled
perfectly by means of classical rough set. Therefore it is
vital to generalize the classical rough set model. A key
notion in Pawlak rough set model is equivalence relation.
By replacing the equivalence relation with other binary
relations, several extensions of rough set model have been
proposed in terms of various requirements. The fuzzy
rough set models and the rough fuzzy set models were
proposed and studied by Diibois and Prade (1990) and Yao
(2004) and later studied further by other researchers
(Ouyang et al. 2010; Pei 2005). The rough set model
based on similarity relation was illustrated in ref
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(Pomykala 2002; Slowinski and Vanderpooten 2000).
Zakowski (1983) suggested that one can use a compati-
bility relation, also called tolerance relation, instead of an
equivalence relation. The rough set model based on toler-
ance relation was also described in detail in the literature
(Jarinen 2005; Kim 2001; Ouyang et al. 2010; Pomykala
1988, 2002; Skowron and Stepaniuk 1996; Xu et al. 2004;
Yao and Lin 1996; Yao 2003; Zheng et al. 2005). Yao
summarized some different generalized rough sets includ-
ing models defined by arbitrary binary relations in the
paper (Yao and Lin 1996; Yao 2003).

From the view of granular computing (Liang and Qian
2006; Ma et al. 2007; Qian et al. 2009; Yao 2000, 2005), a
general concept described by a set is always characterized
through upper and lower approximations under a single
granulation, i.e., the concept is depicted by known
knowledge induced from a single relation (like the classical
equivalence relation, tolerance relation). The use of rough
set model based on single granulation is limited to solving
practical complex problems. Qian and Xu generalized them
to multi-granulation rough set model which are based on
multiply equivalence relations (Qian et al. 2010a, b, ¢; Xu
et al. 2011a, b, 2012a, b) to adapt some practical applica-
tions that exist: contradiction and other problems like the
following cases (Qian et al. 2010).

Case 1 In some data analysis issues, for the same object,
there is a contradiction or inconsistent relationship between
its values under one attributes set and those under another
attributes set.

Case 2 In the process of some decision making, the
decision or the view of each of decision makers may be
independent for the same project.

Case 3 To extract decision rules from distributive
information systems and groups of intelligent agents, for
the reduction of the time complexity of rule extractions, it
is unnecessary for us to perform the intersection operations
in between all the sites in the context of distributive
information systems.

In this paper, we will introduce another two types of
multi-granulation rough set models which are based on
multiple tolerance relations to solve more complicated
problem. The main objective of this paper was to extend a
rough set model based on a tolerance relation to a multi-
granulation rough set model based on multiple tolerance
relations. The rest of the paper is organized as follows:
Some preliminary concepts about tolerance rough set such
as the lower and upper approximations and accuracy
measure are briefly reviewed in Sect. 2. In Sect. 3, we
define two types of multi-granulation rough set models
based on multiple tolerance relations, and some properties
about such models are showed. With comparison to a tol-
erance multi-granulation rough set model, the tolerance
single-granulation rough set model is a special instance.

@ Springer

Moreover, we discuss the difference and relationship
among single-granulation tolerance rough set (SGTRS), the
first type of multi-granulation tolerance rough set (lst
MGTRS) and the second type of multi-granulation toler-
ance rough set (2nd MGTRS) in Sect. 4. Furthermore,
some measures are proposed in two types of MGTRS, such
as rough measure, quality of approximation in Sect. 5.
Finally, we conclude the paper briefly in Sect. 6.

2 Preliminaries

Let us first recall necessary concepts and preliminaries
required in the sequel of our work. Detailed description of
these theories can be found in the literature (Jarinen 2005;
Yao and Lin 1996).

The notion of approximation space provides a conve-
nient tool for the representation of objects in terms of their
attribute values.

A tolerance approximation space is a tolerance relation
system K = (U, R), where U, called universe, is a finite
non-empty set of objects, and R is a tolerance relation.

If a binary relation R on the universe U is reflexive and
symmetric, it is called a tolerance relation on U. The set of
all tolerance relations on U is denoted by Tol(U). Obvi-
ously, tolerance relation R € Tol(U) can construct a cov-
ering of the universe U denoted by R, where a covering R
on the universe U is a family of subsets of the universe
which satisfied any subset of R is not empty and the unit of
all subsets of R is U. For any tolerance relation R € Tol(U)
and x € U, the set

R(x) = {y € U: xRy}

is called the tolerance neighborhood of x.

Let U be a universe and R be a covering on U induced by
a tolerance relation. The lower approximation and the upper
approximation of a set X C U are, respectively, defined by

X, ={xcU:R(x) C X},
XR={xeU:Rx)NX#0}.

The set Bng(x) = XR — X}, is called the boundary of X.
The set X, consists of elements which surely belong to

X in view of the knowledge provided by R, while Xk
consists of elements which possibly belong to X. The
boundary is the actual area of uncertainty. It consists of
elements whose membership in X cannot be decided when
R-related objects can not be distinguished from each other.

Some basic properties of approximations are discussed
in the following:

If X5 = XR, the set X C U is definable. Otherwise, the
set X is indefinable. It’s obvious that a set X is definable
if and only if its boundary Bng(X) is empty. The pair
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(X’é ,Xy) is called a tolerance rough set model. From the
view of granule computing, we say the pair (X’é ,Xp) is a
single-granulation tolerance rough set model (in brief,
SGTRS).

Let U be a universe and R is a covering on U induced by
a tolerance relation R. If X, Y C U, X* is the complement of
X. Then the following properties hold:

Xz C X C XK,

fp =08 =0,Uz = UR = U;
(Xp)* = (X)*, (XR) = (X)p;
BHR(X) = Bné(Xc).

b .

To measure the imprecision of a rough set based on a
tolerance relation, for X C U and X # (), the following ratio:
Xzl
) X = 1 — =
pR( ) |XR|7
is called the rough measure of X by tolerance relation R.

Let R and S be two tolerance relations, and R and S be
the corresponding coverings on the universe U, respec-

tively. If a class R(x) of R is a subset of a class S(x) of S,
the class R(x) is called deterministic with respect to S, or
just deterministic, if S is understood.

A frequently applied measure for this situation is the
quality of approximation of S by R, also called the degree
of dependency. It is defined by

{|Xg] : X € S}

y(]é,S') = ‘U’

which evaluates the deterministic part of the rough set
description of S by counting those elements that can be
re-classified to blocks of S with the knowledge given by R.

3 Two types of MGTRS

In this section, we will investigate two types of rough set
models induced by several tolerance relations from the
view of granule.

3.1 The first type of MGTRS

We first discuss the first type of two-granulation approxi-
mations of a concept by using two tolerance relations in an
approximation space.

Definition 3.1 Let U be a universe and R, S be two
coverings of U induced by tolerance relations R and S. The
first type of two-granulation tolerance lower approximation
and the upper approximation of X on U are defined by the
following:

FXzs=f{x€U:R(x) CX or S(x) C X},
FXRS = {x € U R(x) N X # 0 and S(x) N X # 0}.

Moreover, if FXj, ¢ # FXR+§, we say that X is the first type
of tolerance rough set with respect to two granulations R
and S. Otherwise, we say that X is the first type of definable
set with respect to two granulations R and S.

The area of uncertainty or boundary region of this rough
set is defined as

F R+S
Bny o(X) = FX 5 — FXp.s.

It can be found that the first type of tolerance rough set
with respect to two granulations will be SGTRS, if two
granulations R and S satisfy R = S. That is to say, SGTRS
is a particular case of the first type of tolerance two-
granulation rough sets.

Example 3.1 Suppose that the set U = {1, 2, 3, 4, 5, 6}
consists of six cars called 1, 2, 3, 4, 5, 6, respectively. Their
price, mileage, size and max-speed are given in Table 1.

Let us define one tolerance relation R; so that two cars
are R;-related if their price and size are, respectively, not
completely different, another tolerance relation R, so that
two cars are R,-related if their size and max-speed are not
completely different.

Let consider the lower and upper R-approximation of the
set X = {3, 4, 5, 6}.

Obviously, we can obtain

Ri(1) = {1,4,5},
Ri(2) = {2,5,6},
RAI(3) = {3}5

Ri(4) = {1,4,5},
R\ (5) = {1,4,5,6},
Ri(6) = {2,5,6}.

That is to say R; ={{l1,4,5},{2,5,6},{3},{1,4,5},
{1,4,5,6},{2,5,6}}. Then we have

Table 1 An information system about cars

Car Price Mileage Size Max-speed
1 {high} {low} {full} {low}
2 {low} {high, low} {full} {low}
3 {high, low} {high, low} {compact} {low}
4 {high} {high, low} {full} {high}
5 {high, low} {high, low} {full} {high}
6 {low} {high} {full} {high, low}
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XI\;I = {3}v
xR ={1,2,3,4,5,6}.

Additionally,

RAZ(I) = {1,2,6},
R,(2) ={1,2,6},
A2(3) = {3}5

A2(4) - {4,5’6}a
2(5) = {4,5,6},
,(6) = {1,2,4,5,6}

That is to say, R, ={{1,2,6},{1,2,6},{3},{4,5,6},
{4,5,6},{1,2,4,5,6}}. So the following results hold:

Xg, = {45},
X = {1,2,4,5,6}.
Furthermore, we have R;UR, = {{1},{2,6},{3},

{4,5},{4,5,6},{2,5,6}} from R, and R,. Then we can
obtain

XR]uR} = {2747576}7

xRk — (2.4,5,6}.

From Definition 3.1, we can compute that the first type of
two-granulation tolerance lower and upper approximations
of X are

FXg ok, =
FXIé] +R, —

{3,4,5},

{1,2,4,5,6}.

Obviously, the following can be found:
Xg, UXg, = FXg 15,

Xz NXg = FXR+Re,

FX C xRUR C pxRi+R:

R\ +R, cX

R UR,

In fact, we can obtain some properties of the first type of
two-granulation tolerance rough sets in a tolerance
approximation space.

Proposition 3.1 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X C U. Then the following properties hold:

1. FXg.5 C X C FXRS,;

2 (FXR) = (FX)g 5, (FXpyg)” = (FX)™;
3. Flz. ¢ = FORS = 0,FU,, ¢ = FURYS = U,
4 Bnngg(X) = Bn R+S(XL)

Proof Tt is obvious that all terms hold when R = S. When
R # S, the proposition can be proved as follows:

@ Springer

la. Forany x € FXj_ g, it can be known that ﬁ(x) CXor
S(x) C X by Definition 3.1. At the same time, x €

R(x) and x € S(x) because of the reflexive of R and
S. So we have x € X. Hence, FXp, ¢ € X

1b. For any x € X, we have x € R(x) and x € S(x). So we
have R(x) NX # () and S(x) N X # ), that is to say
x € FX®+S. Hence, X C FX®*S holds. From (1a) and
(1b), FXz. s CX C FXR+S,
2a. For any x € (FX)z, ¢, we have
€ (FX)g,s <= R(x) C X or S(x) C X°
— RX)NX=0orSx)NX =10
= x¢ Fx®+S

s x € (FXRF),

Hence, (FX®S)" = (FX)4,5-
2b. From (FX®$)° = (FX%)s s, we can have that
c\R+S\c e .
(FX) ) = ((FX) )pess P (FXpg)® =
(FXC)RJrS
3a. From FXy s C X, we have F()y ¢ C . Besides, it is

well known that 0 C F(y ¢, so Flg ¢=0. If
FOR™S £ (), there must exist y € FOR+S such that
R(y) N0 # 0 and S(x) N X # 0. Apparently, this is a
contradiction. Therefore, FOR*S =
Fg,g = FOR+S = () holds.

3b. From the duality of FXg, ¢ and FXR*S, (FU,, o) =
(FU)R*S = Fp*+5 = ). Hence, FUg, ¢ = U. Simi-

larly, FURHS = U.
4. From the definition of boundary region of the rough set

and the duality of FXjy, ¢ and FXR+S , we know that

(. From above,

Bnf, o(X°) = (FX)™*S — (FX)4 5
(FXé+S)C - (FX&+§)C
=(U—FXp,5) —(U— FXR+§)
= FX®S — FXg, g
= Bn£+§ (X)
So, By, <(X) = Bnj, o(X°). O
Thus, the proposition was proved. O

Proposition 3.1 shows the first two-granulation tolerance
rough set satisfies the basic properties as rough set in tol-
erance approximation space. For example, (1) embodies
that the 1st two-granulation tolerance lower approxima-
tions are included into the target concept, and the upper
approximations include the target concept; (2) shows the
duality between the lower and upper approximations;
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(3) expresses the normality and conormality of the first
two-granulation tolerance rough sets; (4) reflects that the
uncertainty of the concept X and its complement is totaly
the same.

To discover the relationship between the first type of
two-granulation approximation based on tolerance relation
of a single set and that of two sets described on the universe
U, the following properties are given:

Proposition 3.2 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X,Y C U. Then the following properties hold:

l. FIXNY)s,¢CFXp

R+S R+S N FYRJrS7

2. F(XUY)RS D pxR+S U pyR+s,
3. X CY = FXRS C FyRsS,
4. X CY = FXp,s C FYp.s
5. F(XNY)RS C FxR+S 0 pyR+s,
6. F(XUY)p 2 FXp s UFYy..

Proof Tt is obvious that all terms hold when R = S or

X =Y. When R+# S and X # Y, the proposition can be
proved as follows:

1. Forany x € F(XNY)g, s, we have that Rx)CXNY
or S(x) C X N'Y by Definition 3.1. Then, one can find
that R(x) C X and R(x) C Y hold at the same time or
S(x) C X and S(x) C Y hold at the same time. Then
R(x) C X or $(x) C X holds, and R(x) C Y or S(x) C
Y holds. That is to say x € FX_ ¢ and x € FYp g, i.e
X € FXg g NFYp s F(XNY)p,sC FXR+S
NFY; s

2. Forany x € FXRHS U FYRYS x € FXR¥S or x € FYRS,
Then, R(x) N X # () and S(x) N X # 0 hold, or R(x) N
Y # 0 and S(x) N'Y # () hold. So not only R(x) N (X N
Y) #0 holds, but S(x)N(XNY)#0. That is to
say, x € F(X U Y)Ié+§. Hence, F(X U Y)R+§ D FxktS
UFYRS,

3. For any x € FXR™S R(x)NX # 0 and S(x) N X # 0.
When X C Y holds, R(x) NY # ) and S(x) NY # 0.
Hence, x € FYR+S_ Then we have FXR+5 C FYR+S,

4. The proof can be obtained similarly to (3) by
Definition 3.1.

5. Since XNYCX and XNY CY, by (3) it can be
obtained that

Hence,

F(XN YRS ¢ pxA+s,
F(XN YRS C pr#ss,

Hence, F(X N Y)*S C FXR+S o py#+s,

6. Since XCXUY and YCXUY, by (4) it can be
obtained that

FXz s CF(XUY)gs,

FYq,s CF(XUY)

Hence, F(XU YY)z, ¢ 2 FXp, ¢ UFYy .
The proof of the proposition is completed. O

R+S*

This proposition reflects the properties about the
approximations of two different concepts. Especially, the
first and second items explain the two-granulation toler-
ance lower approximation is included in the intersection of
the two single-granulation lower approximations while the
upper one includes the union of the two single-granulation
upper approximations, which are different from the mul-
tiplicativity and additivity of the single-granulation rough
set.

Based on the above conclusions, we here extend SGTRS
to the first multi-granulation tolerance rough set, where the
set approximations are defined through using multiple
tolerance relations on the universe.

Definition 3.2 Let U be a universe and R;(i = 1, ..., m) be
m coverings of U induced by tolerance relations R;
(i =1, ..., m). The first type of multi-granulation tolerance
lower and the upper approximations of X on U are defined
by the following:

FXZm = {xeU: \/:-"leéi(x) C X},
=1
FX2m R — {x € U: A" Ri(x) N X # 0},

where “V” means “some” and “A” means “all”.

Moreover, if FXZ s #= FX YLk , we say that X is the

first type of tolerance rough set with respect to multiple
granulations R; (i = 1, ..., m). Otherwise, we say X is the
first type of tolerance definable set with respect to these
multiple granulations.

Similarly, the area of uncertainty or boundary region of
the first type of multi-granulation tolerance rough set is
defined as

BIIF m R(X) = FXZ:M:IR‘

=1

- FXZ:"ZIRI

To describe conveniently in our context, we express the
first type of multi-granulation tolerance rough set using the
first MGTRS. Moreover, one can obtain the following
properties of the 1st MGTRS approximations:

Proposition 3.3 Ler U be a universe, R;(i = 1, ...,m) be
m coverings of U induced by tolerance relations R;
(i=1,..,m) and X C U. Then the following properties
hold:

@ Springer
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"R s R+S§

L FXyw 5 CXC Rt Bn? (X) = SX*5 — SXg, 5.

2. FQ)Z'.":II% :F@Z::l ki :(/)’FU211 Example 3.2 (Continued from Example 3.1) From

Ri B FUZ,"’:]R‘ =U,;
3. (szm )= (FXC)Zizl R;(FXZ,ZIE)C
=1
= (FXO)5 &

4. BnFZm 2 (X) = BnFZm o (X9).
i=1

=1

Proof The proofs of these terms are similar to Proposition
3.1. O

Proposition 3.4 Let U be a universe, Ri(i = 1, ...,m) be
m coverings of U induced by tolerance relations R;

(i=1,..,m)and X,Y C U. Then the following properties
hold:
L FXNY)ywn g CFXgwn g N FYgw
XnO)s S O
2. F(XUY)2m® o px2i®iy FyZ, 1
3. XCY= FXXu® C py2ik,
4. XCV= FXy p CFY5n ps
i=1 i=1
5. F(XNY)2m® c px2i® n py2r ]R,
6. F(XUY)yw p 2 FXgwn g UFYs g
( )Z, 1R’ Z Z

Proof The proofs of these items are similar to Proposition
3.2. O

3.2 The second type of MGTRS

In this subsection, we will propose another type of
MGTRS. We first introduce the second type of two-gran-
ulation approximations of a target set.

Definition 3.3 Let U be a universe and R, S be two
coverings of U induced by tolerance relations R and S. The
second type of two-granulation lower approximations and
the upper approximations of X on U are defined by the
following:

SXg s ={x € U:R(x) C X and S(x) C X},
SXRHS — {x e U:R(x) N X # 0 or S(x) N X # 0}.

Moreover, if SXj, ¢ # SXR+S, we say that X is the second
type of rough (or indefinable) set with respect to two
granulations R and S. Otherwise, we say that X is the
second type of definable set with respect to two granula-

tions R and S.

The area of uncertainty or boundary region of this rough
set is defined as

@ Springer

Example 3.1, we know that

R, ={{1,4,5},{2,5,6},{3},{1,4,5},{1,4,5,6},{2,5,6}},
Ry = {{1,2,6},{1,2,6},{3},{4,5,6},{4,5,6},{1,2,4,5,6}},
RiUR, = {{1},{2,6},{3},{4,5},{4,5,6},{2,5,6}}.

And if takes X = {3, 4, 5, 6} again, then by computing we
can obtain that

SX[é1+1€2 = @
and
sxRitR — (1,2,3,4,5,6)

are the second type of two-granulation lower and upper
approximations of X, respectively. From the results of
Example 3.1,

Xz, = {3},
xR — {1,2,3,4,5,6};
XR} = {475}7

X* = {1,2,4,5,6};

XR]UR} = {2747 57 6}7

XA = (2,4,5,6};

it is easily to find that

XRAI ﬂXR*2 = SXlé1+Iéz’

Xg UXy = SxfHRe,

SXR1+R2 g XRIURA C XRIURZ g SXRAlJrRAz'

Moreover, from Definition 3.3, we can obtain some prop-

erties in the second type of two-granulation tolerance rough
sets in an approximation space.

Proposition 3.5 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X C U. Then the following properties hold:

1. SXg,5 C X C SXRHS;

2. (SXRE)E = (SX9)p, 0 (SXp, o) = (XS,
3. SOg, ¢ = SRS — ¢, sU, S_SUM U,
4. R+S( R+S(XL)

Proof It is obvious that all terms hold when R = S. When
R # S, the proposition can be proved as follows:

la. For any x € SXz,, it can be known that R(x) C X
and S(x) C X by Definition 3.3. At the same time,
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x € R(x) and x € S(x) because of the reflexive of
R and S. So we have that x € X. Hence, SX;_ s C X.

1b. For any x € X, we have x € R(x) and x € S(x). So we
have R(x) N X # () and S(x) N X # 0, that is to say
x € SX®+5. Hence, X C SX®*$ holds. From (la) and
(1b), SXz, 5 C X C SXR*S is true.
2a. For any x € (SX)z, ¢, we have
x € (SX) 4,5 = R(x) C X and S(x) C X¢
= Rx)NX=0and Sx)NX =10
> x ¢ S5

= xec (SXR+S)“,

Hence, (SX, )¢ = (5x°YR+S,

2b. From (SXR*S) = (SX)p.g» we can have that

(XY = (XY g e (XY
(X5
3a. From SX; ¢ C X, we have S0, ¢ C (). Besides, it

is well known that () C S0z ¢, so S0z, ¢=0. If
FOR™S £ (), there must exist y € FOR*S such that
R(y) N0 # 0 and S(x) N X # 0. Apparently, this is a
contradiction. Therefore, FR+S =
Fg s = FOR*S = () holds.

3b. From the duality of SX;,¢ and SX®*S, (SUg, ) =
(SUSYRHS = SPR+S = 0. Hence, SUg, ¢ =U. Simi-

larly, SUR+S = U.
4. From the definition of boundary region of the rough set

and the duality of SXj, ¢ and SXR+S | we know that

(. From the above,

Bn

R (X = (5% -

(SX) s

(SXR+S)
(U - SXI§+§)

Xies)' —

R+S SXR+S

(SX
= (S
= (U~ SXgy5) —
= SX
= Bn

. 5(X)-

So, BnR+S(X) = Bn R+S(X‘) O

Thus, the proposition was proved.

Proposition 3.5 shows the second two-granulation toler-
ance rough set also satisfies the basic properties as tolerance
rough set. For example, (1) embodies that the second two-
granulation tolerance lower approximations satisfy the
contraction and extension, respectively; (2) shows the
duality between the lower and upper approximations; (3)
expresses the normality and conormality of the first two-
granulation tolerance rough sets; (4) reflects that the uncer-
tainty of the concept X and its complement is totaly the same.

To discover the relationship between the second
MGTRS of a single set and that of two sets described on
the universe U, The following properties are given:

Proposition 3.6 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X,Y C U. Then the following properties hold:

SXNY)gis = SXps NSV g5

1.
2. S(XUY)RS = sxR+S U sYR+S,
3. X C Y = SXRS C SYRHS,
4. X CY = SXp,s C SVp,g;
5. S(XN YRS C sxR+S A sYR+S,
6. S(XUY)z, 62 SXp, sUSYp ¢

Proof Tt is obvious that all terms hold when R = S or

X=1Y. When R# S and X # Y, the proposition can be
proved as follows:

1. For any x € S(XNY)g, s, by Definition 3.3 we have
that
X€ESXNY)ps <> Rx)CXNYand Sx) CXNY
< R(x) CX,R(x) CY,8(x) CX and S(x) C Y
< R(x) C X,8(x) CX,R(x) CY and S(x) C Y
<= x € 8X;,¢and x € SYp ¢
= x € SXp, 5N SYg5

Hence, S(X NY)z, ¢ = SXp, s NSV 5.
2. For any x € S(XUY)z, s, by Definition 3.3 we have
that

xeSXUY)RS ()N (XNY)#£0orSx)N

< R(x)N (XNY)#0
= RX)NX#DorRx)NY #0
or S)NX#Por Sx)NY #0
= RE)NX#Dor Sx)NX#0
or RX)NY #Por Sx)NY #0

s x € SX®*S or x € SYRHS

(x

— x € SXRHS U gyR+S

Hence, S(X U Y)Y+ = sxR+S U SyR+S.

3. For any x¢ SXR+5,R(x) NX#0 or S(x)NX #0.
When X C Y holds, R(x)NY #0 or S(x)NY # 0.
Hence, x € SYR+S_ Then we have SXR+S C SYR+S.

4. The proof can be obtained similarly to (3) by
Definition 3.3.

5. Since XNYCX and XNY CY, by (3) it can be
obtained that

S(X N Y)Y C xRS,
S(X N Y)RS € syRHS,

@ Springer



1248

W. Xu et al.

Hence, S(X N Y)RS € SXR+S  gyR+S.
6. Since XCXUY and Y CXUY, by (4) it can be
obtained that

SX}@+§ CS(xU Y)l?+§’

SY, s CS(XUY)

+S R+S*

Hence, S(XUY)z,¢ D SXp s USYy g
Thus, the proposition is proved. O

This proposition reflects the properties about the
approximations of two different concepts. The first and
second items explain the two-granulation tolerance lower
approximation equal to the intersection of the two single-
granulation lower approximations and the upper one is
consistent with the union of the two single-granulation
upper approximations, which are different from the mul-
tiplicativity and additivity of the first two-granulation tol-
erance rough set.

Based on the above conclusions, we here extend the
SGTRS to the second type of multi-granulation tolerance
rough set, where the set approximations are defined
through multiple tolerance relations on the universe.

Definition 3.4 Let U be a universe and R;(i = 1, ..., m) be
m coverings of U induced by tolerance relations R;
(i =1, ..., m). The second type of multi-granulation lower
and the upper approximations of X on U are defined by the
following

szm p=1xeU: /\f”:llé;(@ C X},
=1
SXLi R = {x e U VI Ri(x) N X # 0},

where “V” means “some” and “A” means “all”.

Moreover, if SXZm p 75X 2o R", we say that X is the
=1
second type of tolerance rough set with respect to multiple
granulations R; (i = 1, ..., m). Otherwise, we say X is the
second type of tolerance definable set with respect to these
multiple granulations.
Similarly, the area of uncertainty or boundary region of
the second type of multi-granulation rough set is defined as
Bni
Zz;l Ri
In order to describe conveniently in our context, we
express the second type of multi-granulation tolerance
rough set using the second MGTRS. Moreover, one can
obtain the following properties of the 2nd MGTRS
approximations:

X) = SX2oi i SXn
( ) § § ZI;IR"

Proposition 3.7 Let U be a universe and R;(i = 1, ...,m)
be m coverings of U induced by tolerance relations R;
(i=1,..,m)and X CU. Then the following properties
hold:

@ Springer

"R,
L SXgw 5 ©XCSX2n®;

i=1

Proof The proofs of these terms are similar to Proposition
3.5. O

Proposition 3.8 Ler U be a universe and Ri(i = 1,...,m)
be m coverings of U induced by tolerance relations R;
i=1,..,myand X,Y C U. Then the following properties
hold:.

1. S(XﬂY) m Iéi :SXZ’"‘:]I%IQSYZ";I%’,

i=1
mo s

2. S(XUY)Zmf = syl Ry syl R,

X C Y= Sx2mf C sy k,
4. XCY = SXxn 5 C SV o;
cY=35 Zi:]Ri S Zi:lRi,

w

5. S(XNY)Zm i Csx2ifnsy2n R,
6. S(XU Y)Em s 2 szm 2 USYZ'" i
=1 =1

i=1""

Proof The proofs of these items are similar to Proposition
3.6. O

4 Difference and relationships among SGTRT, the 1st
MGTRS, the 2nd MGTRS

From the above sections, we have known the concepts and
properties of the 1st MGTRS and the 2nd MGTRS. We will
investigate the difference and relationship among SGTRS,
the 1st MGTRS, the 2nd MGTRS in this section.

Proposition 4.1 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X C U. Then the following properties are true:

1. Xp UXSA = FXm_SA;

2. XRnXS = FxReS,

RUS R4S
3. FXg,5 C Xpus © X C XRUS C pxR+s,

Proof
1. For any x € X3 U X, we have
X € Xporx€Xs <= R(x) CXorSx)CX
<« x e {x:R(x) C X orSx) C X}

= Xc FXIQJDS:,
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Hence, X; U X = FXp . Hence, X% U XS = SXR+S,
2. For any x € X¥ N X5, we have 3. For any x¢&SX;. we know that R(x) C

xexfandxe XS < R(x)NX #0 and S(x) NX #£ 0
= xe{x:Rx)NX #0 and S(x)NX # 0}
> x € FX®HS,
Hence, X8 N X5 — FXR+S,

3. Forany x € FXp ¢, we know that R(x) C X or S(x) C
X. It is well known that (R U S)(x) C R(x) and (RU
S)(x) C S(x), so (RUS)(x) CX. Then we obtain
FXg s C X,

+S us*

O

On the other hand, for any € XRYS (R U §)(x) N X # 0.
So R(x)NX # 0 and S(x) N X # @ hold. Then we can
obtain XRUS C FXR+S,

It is obvious that X, « C X C XRUS,

Therefore, (3) is proved.

Proposition 4.2 Let U be a universe and Ri(i = 1,...,m)
be m coverings of U induced by tolerance relations R;
(i =1, ..., m). Then we have

m .
LUK = FXy 4
2. U xR = Fx2iR,
" A,- " Iéx
3. FXgw g CXp g CXCXHRC FX2i ™

Proof The proof is similar to Proposition 4.1. O

Proposition 4.3 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X C U. Then the following properties are true:.

. XpNXg= SXR+§;

2. XRUXS = sx#+s,

3. SXg.5 C Xpg C X C XRUS € gxR+S,

+S usS

Proof
1. For any x € X3 N Xg, we have
X € Xz and x € X <= R(x) C X and S(x) C X
<« x € {x:R(x) C X and S(x) C X}

= Xec SXE+§,

Hence, X, ﬂXS = S?(R+§.
2. For any x € X® U X5, we have
xexRorxe XS <= Rx)NX#0 or Sx)NX # 0
—xe{x:Rx)NX#0and S(x) N X # 0}

< x € SXR*S,

X and S(x) C X. It is well known that (RUS)(x) C
R(x) and (RU S)(x) C S(x), so (RUS)(x) C X. Then

we obtain SX;. ¢ C Xp

R+S = “RUS"

On the other hand, for any € X®5 (R U $)(x) N X # 0. So
R(x) N X # § and S(x) N X # () hold. Then we can obtain

It is obvious that X ¢ € X C XRUS,

Therefore, SXz, 5 C Xp,5 C X C X*US C SX%+S holds.

Proposition 4.4 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1,..,m)and X C U. Then we have

l
m m oA

2. UXz = SXZi:IR’;

i=1

m
L. NXg=SXw 55
—1 R Zi:lRi?

N mo oA

3. SXyw o C Xy RiCX CXop Ri C SX2ii B,
i—p Vi i=1 i=1
Proof The proof is similar to Proposition 4.3. U

Proposition 4.5 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X C U. Then we have

L SXpis © FXpos © Xpngs

2. SXRHS O pxR+S D xRS,

Proof The proof can be obtained easily by Definitions
3.1, 3.3 and Propositions 4.1, 4.3. O

Proposition 4.6 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1,..,m)and X C U. Then we have

Lo SXgw g © FXyon g © Xop X

2. Sx2i R D FX2A R D Xy X

i

Proof The proof can be obtained easily by Definitions
3.2, 3.4 and Propositions 4.2, 4.4. O

Proposition 4.7 Let U be a universe, R and S be two
coverings of U induced by tolerance relations R and S and
X C U. Then we have

1. SXp ¢ C Xg( or Xg) C FXp,g;
2. SXR+S D XR( or X5) D FXRHS,
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Proof The proof can be obtained easily by Proposition
4.1(1), 4.3(1). O

Proposition 4.8 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1,..,m)and X C U. Then we have

1. SXZW

i=1"" i=1

# & Xp © FX5r 53

2. SX2i R o xR D px 2k,

Proof The proof can be obtained easily by Propositions
4.2(1), 4.4(1). O

These propositions discuss about the relationships
among the two types of MGTRS and SGTRS. Especially,
from Propositions 4.7 and 4.8, the 2nd multi-granulation
tolerance lower approximation is included in the single
lower one and the first multi-granulation tolerance lower
approximation includes the single lower one. For the upper
approximations, the inclusion order is just in reverse. This
properties reveals that the first MGTRS is coarser than the
single one while the second MGTRS is more accurate. The
following part about the measures of the 1st MGTRS and
the 2nd MGTRS reflect this point further from the point of
view of quantity.

5 Several measures in the first MGTRS and the second
MGTRS

In the following, we will investigate several elementary
measures in the first MGTRS and their properties.

Uncertainty of a set is due to the existence of a bor-
derline region. The greater the borderline region of a set,
the lower is the accuracy of the set (and vice versa). In
order to express this idea more precisely, we introduce
another accuracy measure as follows.

Definition 5.1 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1,..,m)and X C U. The first rough measure of X by
S R; is defined as

FX<—n
> ‘
F i=1

Pl LX) =1
Zi:l ! ’FXEHR‘

where X # ().

From the definitions, one can derive the following
properties:

Proposition 5.1 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1, .., m)and X C U. The following inequality

@ Springer

pg,(X) > pim:l R X Zpp, (X)

m
U X5
=1 Ki

i

holds.

Proof Since Xz C FXZm 2 S Xom Xp and X Xg C
i=1 1 = = 1

FX Dk C X® we can obtain that

Xz, ‘FXZm1 A ‘XU :
< — <
Xk ‘ FX i R ‘ xR
then py (X) > ,OFZZI & (X)> PU X, (X) holds. O
Example 5.1 (Continued from Example 3.1) Computing

the 1st rough measure of X = {3, 4, 5, 6} by using the
results in Example 3.1, it follows that

X =1 Xl 5
pR] - Xlél - 67
=103
pR2 - Xléz - 51
XR]UR}
e (X)=1— =0,
pR]URZ( ) ’XRIURZ
FXgiry| 2
o =1 - ] 2
11+R>2 FXR+R 5

Clearly, it follows from the earlier computation that
P, (X) 2 P i, (X) = P g, (X),

and

i, (X) = pi e (X) > pg g, (X)-

Definition 5.2 Let U be a universe, S be the covering
induced by tolerance relation S, and R = {R;,i = 1,...,m}
be m coverings induced by tolerance relations R,
i =1, .., m. The quality of approximation of S by R, also
called the first degree of dependency, is defined by

” 2{‘FXZ¢ ,éi’ :XeS}
y RHS = = )
(Z ) 0]

and is used to evaluate the deterministic part of the toler-

ance rough set description of S by counting those elements
which can be reclassified into blocks of § which is the
knowledge given by > | R;.
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Proposition 5.2 Let U be a universe, S be the covering
induced by tolerance relation S, and R = {R;,i = 1,...,m}

be m coverings induced by tolerance relations
R;, i =1, ..., m. The inequalities
A~ A m ~ A m A
V(RlaS)SyF ;Rias SV([.EJIXIémS>
are true.

Proof It can be proved by using a similar method as
Proposition 5.1. O

In the following, we will investigate several elementary
measures in the second MGTRS and their properties.

Similarly, we introduce the accuracy measure to the
second MGTRS as follows:

Definition 5.3 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1,..,m) and X C U. The second rough measure of
X by Y| R; is defined as

‘SXZ:nl R,

‘SXZ:M 1 Ri

)

S _
ryr X =

where X # ().

From the definitions, one can derive the following
properties:

Proposition 5.3 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1, .., m)and X C U. Then we have

Pin 0 (X)2 g (X) 2 pup v, (X).

i=1
Proof Since SXx—n
i=1
Xk C SX2i B by Definition 3.4 and Proposition 4.4, we
can obtain that

& © Xg © Xep Xz and XX, C

'sztnl R;
’sz:"lﬁf’

IN

then pszm o X) > pp (X) > anm]Xl?,- (X) holds. O
=1 i=

Proposition 5.4 Let U be a universe, R;(i = 1,...,m) be
m coverings of U induced by tolerance relations R;
(i=1,..,m)and X C U. Then we have

s F
w (X)>pp(X)> m s (X).
Py 5 (X) 2P (X) 2y o (X)

Proof 1Tt can be obtained directly by Propositions 5.1 and
5.3. O

Example 5.2 (Continued from Example 3.2) Computing the
2nd rough measure of X = {3, 4, 5, 6} by using the results
in Example 3.2, it follows that

Xa| 5
s X = 1 — =—,
PR,( ) h 6
Xg,| 3
(X)) =1-— =
pRz( ) X]éz 55
X) =1 i 0
PR,UR, = ‘XR]URE =y,
‘szélmz

S
~ N X = 1 _— =
pR‘+R2< ) )SxR] +R,

Clearly, it follows from the earlier computation that

P, (X) = g, (X) = pg g, (X),

and

051 (X) > i, (X) > pg s (X))

Definition 5.4 Let U be a universe, S be the covering
induced by tolerance relation S, and R = {1@,-,1’ =1,..,m}
be m coverings induced by tolerance relations
R, i =1, .., m The quality of approximation of S by
R, also called the second degree of dependency, is defined

by
Z{’SXZTlIé" :XES}
U] ’

(509
i=1

and is used to evaluate the deterministic part of the toler-
ance rough set description of S by counting those elements
which can be reclassified to blocks of S which is the
knowledge given by 37" | R;.

Proposition 5.5 Let U be a universe, S be the covering
induced by tolerance relation S, and R = {R;,i = 1,...,m}

be m coverings induced by tolerance relations
R;, i = 1, ..., m. The inequalities
mn A ~ A A m A
Ts ;Ri,S é"/(R;,S)S"/(iL_JIX,@,.,S>
are true.

Proof 1Tt can be proved by using a similar method as
Proposition 5.3. O
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Proposition 5.6 Let U be a universe, S be the covering
induced by tolerance relation S, and R = {R;,i = 1,...,m}
be m coverings induced by tolerance relations
R;, i = 1, ..., m. The inequalities as follows holds:

Vs Zéhg <9(Ri,8) <7r Zki,g
i=1 i=1

Proof It can be obtained directly by Propositions 5.2 and
5.5. O

6 Conclusion

On the basis of classical rough set theory which defined the
lower and upper approximations by using an equivalence
relation, some researchers proposed its extended model,
called tolerance rough set model, using a tolerance relation.
Nevertheless, by relaxing the indiscernibility relation to
more general binary relations, more improved rough set
models have been successfully applied for knowledge
representation. The contribution of this correspondence
paper is to extend the tolerance rough set model to two
types of tolerance multi-granulation rough set models
which are based on multiple tolerance relations. In this
paper, two types of Multi-granulation rough set models
have been constructed. In particular, some important
properties of the two types of Multi-granulation rough set
models are investigated and the difference and relationship
among tolerance single-granulation rough set, first MGTRS
and second MGTRS are shown. Several examples are
given to illustrate the two types of tolerance rough set
models. Moreover, several important measures have been
developed in two types of MGTRS. Due to the definitions
and corresponding properties of the two types of MGTRS,
we can deal with some problems in information systems
possessing contradiction or inconsistent relationships. The
two types of tolerance Multi-granulation rough set models
are useful for solving many complex practical applications.
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